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Abstract: Metasurfaces that manipulate electromagnetic waves have gained significant attention in recent years. The focus has
primarily been on planar devices, while many applications require curved surfaces. In this study, the authors propose an
analysis approach for cylindrical cascaded (multilayer) metasurfaces. The approach combines the concept of sheet impedance
in the spectral domain with a new transmission matrix formulation that is applicable to stratified, canonical curved geometries.
Approximate formulas for the sheet impedance of common planar, metallic patterns are also adapted to curved geometries. The
reported analysis approach allows one to determine the optimal spectral-domain, azimuthal dependence of a sheet impedance,
as well as the best geometrical elements to obtain the required azimuthal variation. The results are verified through several
cylindrical metsurface examples.
1 Introduction
Electromagnetic (EM) metamaterial structures and surfaces have
attracted strong interest over the past several years. While this
interest has resulted in very interesting designs (e.g. EM cloaks and
superlenses), it has also initiated research in other directions. In
particular, new possibilities for manipulating the direction and
polarisation properties of transmitted EM waves have been
explored. Traditionally, resonant elements were used in the design
of periodic frequency selective surfaces [1]. The more recent use of
sub-wavelength elements as building blocks for metasurfaces has
enabled a wider range of functionality such as focusing, beam
tilting, polarisation manipulation, and increased bandwidth and
angular performance (see e.g. [2–5]).
Studies to date have predominantly considered planar surfaces
that can be realised using conventional planar fabrication
techniques. For such surfaces, efficient design approaches based on
surface impedance boundary conditions (both penetrable [3, 4, 6–
11] and opaque surface impedance formulations [4, 12, 13]) have
been developed. However, either for mechanical/aerodynamic, or
EM reasons, some metasurface designs require curvature. In
general, introducing curvature to metasurface design is a
challenging task, since one needs to deal with finite dimensions
and a more complex periodicity. Several other difficulties arise
when translating analysis and design approaches from planar to
curved structures. For example, the projection of a periodic grid
onto curved surfaces becomes an issue, and incident plane waves
are scattered as a spectrum of reflected waves, as opposed to a
single plane wave in the planar case. Cylindrical metasurfaces,
fabricated from flexible printed circuit boards, have been
considered in the past as attractive class of curved metasurface
structures. They were used for reshaping radiation patterns [14,
15], mantle cloak realisations [16, 17], the reduction of antenna
blockage [18], and scattering manipulation and camouflage [19].
The focus of this paper is to introduce an analysis approach
applicable to canonical curved metasurfaces; a detailed formulation
is presented for cylindrical cascaded metasurfaces. The proposed
analysis combines the concept of sheet impedances in the spectral
domain with an ABCD transmission matrix formula to allow the
analysis of multilayer structures. In other words, the ABCD matrix
formulation for the analysis of cascaded circuit networks as well as
planar, stratified EM structures is extended to cylindrical
geometries. The influence of the higher order azimuthal modes is
discussed in detail. To date, only the dominant zero-order
cylindrical mode was considered to obtain a required metasurface
reactance (see e.g. [16–19]). It will be shown that a metasurface's
response to higher order modes (its response to the waves with
azimuthal propagation constants different from zero) helps in
selecting optimal metasurface elements/textures for a given
application. Furthermore, the analytical formulas for the sheet
impedance of commonly used planar, metallic patterns are
modified to account for curvature.
The first part of the paper describes both the analysis of single-
layer, cylindrical metasurfaces and an ABCD transmission matrix
approach for cascaded, concentric structures. The proposed
approach can be applied to cylindrical structures with various
different layers (metallic or dielectric). This is exploited in the
results section by first studying the accuracy of different methods
for determining sheet impedances, followed by the investigation of
situations where the dependence of sheet impedances on azimuthal
modes has to be taken into account. Finally, two-sheet metasurface
example is used to evaluate the number of cylindrical modes that
are needed to accurately model the cascaded structures.
2 Theory
2.1 Analysis of single-layer cylindrical metasurface
The analysis will be performed in the spectral domain. That is, the
EM fields are Fourier transformed along the two dimensions in
which the structure is invariant. In the considered cylindrical case,
we decompose the EM field into cylindrical waves (e.g.
representation of the E-field)
E(ρ, ϕ, z) = ∑





~(ρ, m, kz) e− jmϕ e− jkzz dkz (1)
For the considered cylindrical structure of circular cross-section,




z(ρ, m, kz) = C1mHm(1)(kρnρ) + C2mHm(2)(kρnρ), (2a)
H
~
z(ρ, m, kz) = C3mHm(1)(kρnρ) + C4mHm(2)(kρnρ) . (2b)
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Here Hm(1) and Hm(2) are the Hankel functions of the first and second
kinds (they represent inward and outward travelling cylindrical
waves), and Cm is the wave amplitude that needs to be determined.















z(ρ, m, kz) (3a)
H
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z(ρ, m, kz) (3b)
The radial component of the propagation constant is defined as
kρn2 = kn2 − kz2, and kn and ηn are wave number and wave impedance
of the considered layer.
For each spectral component, the metasurface layer is modelled
using a penetrable sheet impedance boundary condition (an
example of geometry is shown in Fig. 1)
n^ × E~ = n^ × Z̄̄ ⋅ J~av = n^ × Z̄̄ ⋅ n^ × H
~ + − H~ − (4)
Here, E
~
 denotes one spectral component of the averaged




 are the spectral
components of the magnetic field at the outer and inner
metasurface boundaries, J
~
av = n^ × (H
~ + − H~ −) represents the
averaged surface current in the spectral domain, Z̄̄ is the sheet
impedance tensor, and n^ is the outward pointing unit vector, normal
to the metasurface layer n^ = ρ^ . Note that the metasurfaces (see
Fig. 1) introduce a discontinuity in the tangential magnetic field
only. In other words, the metasurface only has an electric response,
and can be modelled with induced surface electric currents. The
generalisation to magnetic surface currents (loop or slotted
metasurface elements) is straightforward.
The surface impedance tensor Z̄̄ is not a constant tensor but
rather depends on the properties of the impinging EM wave. That
is, the non-local (spatially dispersive) properties of the metasurface
are taken into account. For instance, in the planar case, the non-
local properties can be characterised by varying the incidence angle
of the incoming plane wave. Therefore, for each spectral field
component, we define the impedance tensor Z̄̄ = Z̄̄(m, kz) that can
be expressed as
Z̄̄(m, kz) =
Zϕϕ(m, kz) Zϕz(m, kz)
Zzϕ(m, kz) Zzz(m, kz)
. (5)
Here, the subscripts denote the corresponding components of the
electric field and surface current, respectively. Note that the
spectral variable m corresponds to the transverse component of the
wave number, kt = m/ρn where ρn is the radius of the considered
metasurface layer. Given that azimuthal modes with m ≤ kρn are
propagating, they need to be taken into account when calculating
the scattered field. Since the sheet impedance depends on the
azimuthal wave number, this dependency should also be taken into
account in the calculation, as will be shown in the next section.
As (4) indicates, sheet impedances can be calculated from the
calculated transverse components of the EM field on either side of
the sheet. This can be done using a solver based on the moment
method (MoM) [20] or other numerical methods. Often the
cylindrical sheet impedance is approximated with the sheet
impedance of an equivalent planar sheet. Alternatively, analytical
sheet impedance formulas can be used that are available for
commonly used planar patterns [21, 22]. In general, these two
approximate approaches (note that both are planar approximations)
do not account for the sheet impedance's dependence on the
spectral variable m. However, the analytical sheet impedance
formulas depend on the angle of incidence θ through the spectral
variable kz = k0cos θ. Therefore, the azimuthal dependence of the
sheet impedance can also be included by defining a tangential
wavenumber that is azimuthal kϕ = m/ρ. The accuracy of these two
simplified methods for determining Z̄̄ will be discussed in the next
section.
2.2 Analysis of cascaded cylindrical metasurface structures
In order to calculate the response of the cylindrical metasurface,
consisting of a cascade of multiple layers, we will use a cylindrical
ABCD transmission matrix approach [23]. This approach is a
simple, yet powerful, tool that allows the analysis of multilayer,
periodic canonical metasurfaces. One simply needs to analyse each
layer separately (find the impedance tensor Z̄̄ of each cylindrical
sheet and dielectric layer), and then multiply the ABCD matrices of
the individual layers to obtain the overall ABCD matrix of the
cascaded layers (the metasurface structure). This approach can also
simplify the design/optimisation of these cascaded metasurfaces,
since it becomes possible to separate the original complex problem
into several simpler sub-problems.
Let us consider the case where one wishes to calculate the field
scattered from an N-layer cylindrical metasurface. The spectral-
domain ABCD matrix of a constitutive sheet of the metasurface is
















1 0 0 0
Yzz 1 Yzϕ 0
0 0 1 0

















where Ȳ̄ = Z̄̄
−1
. Both transverse electric (TEz) and transverse
magnetic (TMz) waves along the z-axis are considered which leads
to a 4 × 4 ABCD matrix [3]. It should be noted that all entries of
the ABCD matrix are dependent on both azimuthal mode number
m and wavenumber kz.
The total fields in each dielectric layer can be written in terms
of outward and inward travelling cylindrical waves (Hankel



















(see (7b)) . Here, α and β are the amplitudes of the propagating,
cylindrical TM and TE waves in the considered dielectric layer (i.e.
the Ez and Hz components without the radial dependence),
respectively. The superscripts + and − denote outward and inward
cylindrical waves. The ABCD matrix can be solved by relating the
field expressions at the two boundaries (inner with coordinate ρn−1
and outer with coordinate ρn) of the cylindrical transmission line
Fig. 1  Geometry of curved metasurface structure
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It should be noted that the resulting ABCD matrix is block-
diagonal for kz = 0 or for m = 0. In other words, under normal
incidence and for the fundamental ϕ-invariant mode, the TEz and
TMz waves are uncoupled.
The ABCD matrix of the multilayer cylindrical metasurface
structure is obtained by simply multiplying the ABCD matrices of
the cascaded cylindrical transmission lines (dielectric layers) and
the sheets. From it, the scattered field can be easily determined.
















































Here, the ABCD matrices of the metasurface layers and the
cylindrical transmission lines are symbolically written; ρ1 and ρN
are the inner and outer boundaries of the entire structure. Matrix





z components at the inner and outer
boundaries of the structure. The amplitudes of the ϕ-components
are calculated using (3). From these EM field quantities, the
scattered field can be found. For the EM field in the innermost
layer the standing wave representation (i.e. the Bessel function
representation) is applied in (2), thus we have only two unknown
coefficients related to that layer. Therefore, the four unknowns in
the linear system (9) are the amplitudes of the z-components of the
scattered field and of the EM field in the innermost region.
In all the considered examples, the metasurface structures were
excited with an incident plane wave
Ezinc = E0sin θinccos αinc
⋅ ∑
m = − ∞
∞







m = − ∞
∞
( − j)mJm(k0ρsin θinc)e− jmϕejzk0cosθ
inc
(10b)
For αinc = 0° the excitation is a TMz plane wave and for αinc = 90° it
is a TEz plane wave. Other types of excitations, like a line source,
can be implemented in a straightforward manner (see e.g. [17]).
Note that the ABCD matrix approach can also be applied to
cylindrical structures with only one metasurface layer, and the first
set of results will consider such structures.
3 Results
3.1 Exact surface impedance versus approximations
The first set of results compares how different ways of calculating
metasurface reactance affect the overall results. We start with case
1 where we calculated the field scattered by a dielectric cylinder
covered with vertical strips under TMz incidence, as shown in
Fig. 2. In this case, the metasurface acts as an inductive reactance. 
The dielectric cylinder considered is made of Teflon with ɛr = 
2.1, tan δ = 0.00015, and has a radius ρ = 12.7 mm. The strip width
is W = 3 mm and the period of the strips is Pϕ = 9.97 mm (0.33λ0 at
10 GHz). The incident wave is TMz polarised with incident angle
θ = 60°. In the past, such cylinders were manufactured and their
scattering properties were measured at Chalmers University of
Technology [20].
First, we tested the proposed analysis method for the case where
the sheet impedance tensor Z̄̄ was calculated using a MoM code for
cylindrical periodic structures [20]. As shown in Fig. 3, there is an
excellent agreement between the calculated results obtained using
the proposed method and the exact MoM code for cylindrical
structures. There is also good agreement with the measurements of
the experimental prototype, even with its fabrication tolerances. 
Further, it is valuable to compare how different approximations
for the sheet impedance tensor affect the results obtained using the
proposed analysis approach. Two separate approximations were
considered, and compared to the results obtained for the sheet
impedance tensor calculated using the cylindrical MoM code. First,
a MoM code for planar (flat) periodic structures was used to extract
the impedance tensor at θ = 60° incidence. Next, the following














































0 0 Hm(1)(kρnρ) Hm(2)(kρnρ)
(7b)
Fig. 2  Dielectric cylinder with periodic vertical PEC strips
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where keff is equal keff2 = k02 ⋅ (εr + 1)/2. Note that the angle of
incidence of the plane wave determines the spectral variable
kz = k0cos θ .
Fig. 4a shows that the approximations cause a frequency shift in
the calculated scattering results. This frequency shift occurs
because the rigorously obtained impedance tensor depends on the
azimuthal mode. In contrast, the two approximations estimate the
admittance tensor to be constant with respect to mode order m.
This can be seen from the calculated surface reactances given in
Fig. 4b at 12 GHz. 
The situation is quite different for circumferential strips
(Fig. 5). The periodicity of the strips is Pz = 8 mm (0.27λ0 at 10 
GHz), and all other parameters are kept the same as in the previous
example. The incident wave was TEz polarised with incident angle
θ = 60°. Since we are considering the surface impedance in the
spectral domain, we can modify the approximate planar surface
impedance formulas (11) and (12) to include the propagation
constant in the ϕ-direction kϕ = m/ρ
Zzzapprox(m) =














Note that the approximate formulas only have a dependence on
the phase variation along the strips. Therefore, there is no
dependency on incident angle θ in (13) and (14).
In this case, the surface impedance varies significantly with
angular mode number (see Fig. 6b). Therefore, it is not possible to
accurately approximate the surface impedance with the value
obtained from the equivalent planar case. However, the
approximate expressions (13) and (14) closely predict the
azimuthal variation of surface impedance. Consequently, there is
close agreement between the results in which the impedance tensor
is determined using a cylindrical MoM code, the approximate
expressions (13) and (14) in which the azimuthal variation is taken
into account, and measurements (see Fig. 6a). One could also
include the azimuthal propagation constant into the analysis of the
equivalent planar structure. However, the equivalent incident angle
will be different for each frequency and spectral variable m (i.e. the
equivalent incident angle is equal to arcsin(m/(ρstripsk0))), so it
would be extremely time consuming to calculate the surface
impedance using commercial EM solvers in this way. 
3.2 Selection of optimal elements for cylindrical
metasurfaces
To further verify the proposed method and indicate how different
realisations of the metasurface effect the results, we will consider
the mantle cloak example discussed in [16, 17]. The structure
considered is a perfect electric conductor (PEC) cylinder of radius
10 mm, with a dielectric shell of outer radius 10.5 mm and
permittivity ɛr = 20 shown in Fig. 7. The operating frequency is 3 
GHz, therefore the radius of the PEC cylinder is 0.1λ0. The first
step in designing a mantle cloak is to estimate the needed
metasurface impedance. Initially, we assume that it has a constant
value, i.e. that it does not change for different ϕ-modes. By
performing a parametric sweep over sheet impedances and
calculating the minimum total scattering width, it was determined
Fig. 3  Total scattering width of a dielectric cylinder loaded with periodic
axial strips
 
Fig. 4  Comparison of calculated total scattering width of a dielectric
cylinder loaded with periodic axial strips. The metasurface impedance is
calculated in three different ways
(a) Calculated total scattering width, (b) Dependancy of surface reactance Zzz on
angular mode at 12 GHz
 
Fig. 5  Dielectric cylinder with periodic circumferential PEC strips
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that the optimal value for the metasurface reactance is −12.23 Ω.
This is consistent with the results presented in [16]. We considered
two realisations of the capacitive metascreen. The first realisation
consists of square metallic patches shown in Fig. 7 (side width of
W = 10.6 mm, and gap between the patches of P–W = 0.39 mm).
The second realisation consists of Jerusalem crosses (Fig. 7) with
side dimension WJ = 9.382 mm, line width tJ = 0.625 mm, T-section
width TJ = 3.127 mm, and a gap between the crosses of PJ–WJ = 
1.61 mm. In both cases, there are six elements along the ϕ-
direction, i.e. period is 0.37λ0 at the central frequency. The values
of surface impedance tensor are calculated using a MoM code for
cylindrical periodic structures [20]. It should be noted that the
dimensions of both structures were determined by finding those
that resulted in minimum total scattering width at 3 GHz. 
We have compared the total scattering width and the bandwidth
properties of the cylindrical object with the two considered
metasurface realisations in Fig. 8. The incidence wave is a TMz
polarised normally incident plane wave (i.e. kz = k0cos θinc = 0).
Fig. 8 also shows the result for a mantle cloak with constant
metasurface reactance equal to −12.23 Ω, and the total scattering
width of a PEC cylinder of radius 10.0 mm (i.e. of the hidden
object) in order to establish the bandwidth of the considered cloaks.
It can be seen that the patch metasurface is superior since it
provides higher scattering reduction and larger bandwidth of
operation. In addition, the patch metasurface outperforms the
metasurface cloak with a constant sheet reactance. In order to
explain why the patch metasurface is superior in comparison with
the other structures, we have plotted the variation of the surface
reactance with mode order m for all three considered cases. From
Fig. 9, it is evident that all three cases have approximately the same
reactance for the m = 0 mode (mode with no ϕ-variation).
However, the surface impedance of the Jerusalem crosses and
patches differs for the higher-order m modes. Specifically, the
magnitude of the reactance is larger for patches than for Jerusalem
crosses with increasing m. In order to appreciate the importance of
tailoring the mode order variation of the surface reactance, we have
calculated an optimum ϕ-variation for the surface reactance: the
reactance that gives zero total scattering width for each ϕ-mode.
This optimal impedance Zzzopt can be found by setting each spectral-
domain component of the scattered field in (9) equal to zero, which









The optimum profile is also plotted in Fig. 9. It can be seen that
the impedance profile of the patch metasurface closely resembles
the optimal case. This example illustrates the importance of
incorporating the spectral variation of a surface impedance into the
design process.
Fig. 6  Comparison of calculated total scattering width of a dielectric
cylinder loaded with periodic circumferential strips. The metasurface
impedance is calculated in three different ways
(a) Calculated total scattering width, (b) Dependency of surface reactance Zϕϕ on
angular mode at 12 GHz
 
Fig. 7  Mantle cloak realisation on a PEC cylinder with the dielectric
shell. Cloak is a metasurface based on square PEC patches or PEC patches
in the shape of Jerusalem crosses
 
Fig. 8  Comparison of calculated total scattering width of a dielectric
cylinder loaded with metasurface. Total scattering width of a PEC cylinder
of radius 10 mm is shown with black dotted line
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3.3 Analysis of a two-layer metasurface structure
As a final example, let us consider a two-layer cylindrical
metasurface structure built from vertical strips. The intent of this
example is to verify the proposed method on a multilayer design,
and to investigate how close patterned sheets can be placed next to
each other in order to still accurately model the structure using the
ABCD transmission matrix approach. The approximation in the
analysis method is that only the propagating (lowest-order) ϕ-
modes are taken into account in the ABCD transmission matrix
formulation. In other words, it is assumed that coupling between
different metasurface layers occurs only through the considered
propagating cylindrical mode with exp( jmϕ) variation, while
higher-order Floquet modes (i.e. evanecent modes) are neglected.
The higher-order Floquet modes are defined with azimuthal
variation of the cylindrical mode ml = m + l ⋅ Nϕ l ≠ 0, where Nϕ is
the number of periodic elements in ϕ-direction (strips in this case)
and l is the Floquet-mode index. An equivalent assumption is
commonly used in the planar case [24, 25].
In this example, we fixed the outer radius of the structure (ρ2 = 
114.6 mm) and the number and width of the strips in each layer
(Nϕ,1 = Nϕ,2 = 24, W1 = W2 = 1.15 mm; see Fig. 10). The working
frequency was set to f = 4.0 GHz (i.e. strip period is 0.4λ0) and the
excitation to a TMz normally incident plane wave. The inner radius
was selected to be 99.6, 103.3, and 107.1 mm. Therefore, the
distance between layers was 0.2λ, 0.15λ, and 0.1λ, respectively. In
Fig. 11, the calculated bistatic scattering width is plotted. There is
good agreement between the two methods, the ABCD transmission
matrix approach and the exact MoM code, even for close
separation distances between the patterned sheets. The incoming
plane wave is represented with 21 azimuthal modes, as suggested
by the expression Nϕmax ≃ (2π /λ0)ρ2 .
In order to estimate the distance at which higher-order
evanescent modes should be taken into account, we calculated the
EM field scattered by one strip layer and plotted the amplitude
decay of the evanescent modes as a function of distance from the
periodic strip grid (see Fig. 12; the radial EM field variation is
calculated using (2)). We considered the field variation in the
outside region; the amplitude of each mode is calculated using the
exact MoM program for cylindrical structures. The dominant m = 0
mode is considered, thus the higher-order Floquet modes are
defined with m = l·Nϕ, l = 1, 2, 3. A comparison of Figs. 11 and 12
reveals that the analysis can be improved with the inclusion of the
ABCD matrices that account for higher-order (evanescent) modes
for dielectric thicknesses where the higher-order modes have
relative amplitudes larger than ∼0.1 at the position of neighbouring
metasurface layer. This can be done in the same way where both
TE and TM modes are considered, as in the presented analysis
method (see (6)–(9)). 
Fig. 9  Dependency of the surface reactance of a dielectric cylinder loaded
with metasurface on angular mode at 3 GHz
 
Fig. 10  Two-layer periodic strip-grid cylindrical structure
 
Fig. 11  Scattered field from the two-layer periodic strip-grid structure;
distance between two metasurface layers is
(a) 0.2λ, (b) 0.15λ, (c) 0.1λ
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4 Conclusions
The paper discusses a spectral-domain surface impedance approach
for analysing cylindrical cascaded metasurfaces. The reported
approach extends the ABCD matrix formulation for the analysis of
circuit networks or planar, stratified EM structures to canonical,
curved geometries. The ABCD matrix formulation captures the
interaction between sheets of the metasurface, while the individual
sheets are modelled with surface impedances Z̄̄ in the spectral
domain. The surface impedances can be determined either using a
rigorous EM solver, such as the method of moments, or using
approximate analytical expressions. These approximate
expressions often assume that the surface impedance is constant
with respect to spectral-domain angular variation of the incidence
field. This leads to inaccuracies when Z̄̄ changes rapidly with
respect to the spectral variable, i.e. if the considered metasurface
has strong spatial dispersion. To account for this, the analytical
formulas for the surface impedance of some planar metallic
patterns have been modified to account for the considered angular
Fourier harmonic. It has been shown, through calculations and
comparison with measurements, that such canonical metasurfaces
can be accurately modelled with the proposed approach. The
approach can also aid in selecting the type of patterned sheet
needed to obtain the desired variation in surface impedance Z̄̄ with
modal number m.
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